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A COPf!’ARISON OF TESTS FOR SPATIALLL DISTRIBUTED MATERIALS BALANCES

PART I

The CWI, hrrx

one-sided tes: of

late normal w]th

R. ‘i Card, A. Goldman, and J. P. Shipley

Los Alamos National Laboratory

LCS Alamos, New Fte>.lco 875*5

Abstract

case Illustrates ●spect$ of a

hfpo[hes]s o: means of a blvar-

known correlation ma[rlx. One

import ant appllcac.on 1s testlnR for materlal~

10ss at a nuclear pr,,c.esshnR facilltv. \ ompar]-

sons amon~ flvr trst procedtires rrv~al that ,?

simple sum, approactin 1s qulcr C(,mprtltlve Wlttl

more crmp!s.x me:hud~.

1. lc:roduct]on

iactlltlrs ?rl$!h~ec! in pri>c~ssiag ntj, Ienr

materla!s ar* tvpicallv covpi,srd 01 Contrc,l unit+

or matrrlalx halancc ●reas whrre nuc lp,qr ma:t~r

)3 iwa.)irs.d. An Ideallrer! sv~re- wt:t,two matr-

rials balancrc 1, ds.I,Ic Ird In F“lc. :. 1! all

matrrlal IC ●:cnunte,’ f(r,

;, pk,t - h’astr Str4-2r 1 Wan(e Strent- :

- (),, tpll, - 0 .

If 10?s nr dlv?rtl,>r. 0! mlCcrl*l toom place ~11

thr flra! “hf, x,” tl, ?n tl, r Ilrs! halan(a WOUI,!

aatlsf\

‘1
● Input - Haste Str?arr I - Trannf?r ● (),

Th@ [Ibjc.[iv? of safepuarcfn work in “thr

tlm@lv d~t?ctlnn rrf d~v~rstnn (~ f slRnlftrant

qusntitteu of nucl~ar matet~al. .m .“l lndep@nd@nl

m?ssurcm~nt~ Of knnwt, pr?c IS Ion arc Obtsln@d to

monitor the proc~ts, #nd th? problems of tntcr-ot

hte d~tecthon (i* ●ll mater~al ~ccountttf for?),

●nd Iocst ion (if hnm~ materla) In missing, from

which hrrx(es) vat it divcrt?d~).

Ffathemat~cak formulation o! these problems

is ●s foliows. LtL X, denote the It’) observed ma-

tertals balance. Beca!s? adjacent boxes depend

on the same transfer measuremtint , the (x j
I

art negatlvply correlated. Let III dencce the

th
1 actu..l materials bala!,ce, ●nd L the vector of

{’,,1. The hvpochesls of Interest ;rr the Oetec=

tlon problem 1s that nn loss idiversior., has tuhen

piace )n cnv of the boxes, that 1s,

1{(): 1, - 0 .
-.

1! 10SS IS decrc ted, the Iocaclon problem entails

Idrntltlcatlo” Gf which of tne ~~,1) ale positive,

of course, the ab[>vr IS a II overslmpllt led

vrrslnn ot what IS ●ncountered In practice. Typl-

ca;lv, svstems ●rr compomed o! 5-lU boxes, each

box having ● number of ●asoclated tranafera,

inventories, ●.td wast~ streams. tliftlcul~les with

matrrial holdup ●nt recallbratlon of measureme,]t

device6 must he uealt w~th, Also, problrms can

he Rrquentlal ●n well ●s spatial in natljre. De-

t~ction of 10SO*S in ● glvrn box over time ia

often ●nether *mportant Imsue ●nd haa received

s ornr dtt~ntlnn ((’ohb2 ) , The groundwork pro-

vided hrrp with the t .,-box problem ehould l-a<!

10 valilablr procrd,jrs.s [(>r the more genera

11, Me(h, Ids for t)etectlor,—-_

Tht t wo-buh problem rcducea to testina

N : U (1 agal,]~t the one-aldad ●it.rnatlvc

MA:y~o , Max {ul, u2) ~~ ..



INPUT
——

1
BOX 1

WASTE STREAM 1

TRANSFER BOX 2

}Ig. 1. An example of a mace

cnnslstin~ of tw(, ma

A. TII* SI’M Test, Some~hat akin [0 the CUS(IM—

ata!l.stlc, balances
‘1

and x ,, are nunrmed
‘

●nd Osed t n 10<1 fnr dlvers161t1. Thr nul 1

hypothesln IF rcl?ct~d ct l?vei (1 when

(x, ● R*)/m ~ .
-1-cl ‘

uhrr,
‘1--r

denotos [h* 100(1 - n) prl -

c~ntilr ot thp ntandar,l nrrrmal ri$ntr,httllnn.

n. The MAX Tet[. It ad(fitlon to ?xaminlnr th?-—. —

SUM, balancen ran h( chcckert Inrfividuallv,

Iimilsr to 9 St-I#ar: l,pproach, If ●nv O( th~

temtm it ●)nnlflcant,
110 1* re)~c ted. ThF

critical region in

WASTE STREAM 2

inls cuntrbl un.t

cr]als balance areas.

OUTPUT

f,
whs.rr z 1s ch[>sen s, I that

r , 1 -,1
:,, ,,

te..c has C.lZC i.

x’”
-1

x’]. x

ha% ● )’ Olstrlbulhc)n w,!}, t w<) (IF, -t’,, . ,,!

[), Ttl _ l.lkrllh{~od 1:.?tl[~ ‘1?s[ (LiU/. It\l* tv,%t.-— ---- —..———

relectn for l~rRe va!upn of

;2 -1
=x:.x - (x -;) ’I-’(x - ;1)-_ .- .

-—
max ix ,x,,(x +

1)1
(2)//) ● 2(1) ~ z*

0,1-(1 ‘



where u is the maximum likelihood estimator

of 11 under H Critical
A“

values are de-

termined from the relation (t.udo3)

fnr c > (f and $ the

tlnn func[lon.

sta;~dard norv, al dlstrlbu -

E. A Cr~ndltlonal F’rohahlllcv ?t.st (CpT). Lc,”d 1-
.———— — ——

c~ona] on the observed x, Stlllab,atd+ deve!nps

rhf, C?’I hv c!cll,,lnp the sets

.’ f{>(v) dv ! .’ to(y) (iv .

A(z) - “ l!(~) . -

‘7tI16 ter.t - practical onlv !(!r nr~s!;ur r,

● s hnth A(x) and B(x) havr small proha’lllty

“’’d@r ‘{()
when o in pot It IvF.

The LRT ●nd ,JI’T ● re relatlvelv $imolr cnmptj-

tationr in th~ two-horn cane, hut become ccrmpl*x

when thr pl[,blcm 10 cxtend?d l,, four or m{re

bonem, solution for ~ in the LRT reqlirrn quad-

rstic prcrffr nR for nrrnzero p. For th~ CPT,

d~terminaticrn of th? n~tn A(x) ●nd B(x) together. .
with their ●ssnciaterf prrrhafrlliti?s ts ,Iot ●aay,

hrr of the C?nt stat lstica

callv.

Other procedures for

t’ 1[ have been pr.posed,

afsma and Smid,5 are

because they are not widely

the one-sided problem

such as Lhe test {.

not conq~dererf here

advocated.

111. Summarv of C.}mparlsons

Though much work has appeared corcernlng tne

stat lztical theorv behind one-sided testing

(Pi,rlman;6 Eaton’), no comprehensive comparlsan o:

the varit,t approaches appears t. have been made.

TO Lhts end slmula:1n7 worr. was und?rtakec a~c

some rss,llts are c!jrplayed III Tables 1-’, a:,:

Figs. 2-+.

Pcrhap. n,,,st surprls]n; was the stron~ per-

tormancr, of ttIe 5UH IL, : , wt!lcf has bee , a: fi,L.SL

‘r)r-lpletr?lv l&~ored in th( literature. Inls test

pr,JV@d Superlnr [o ● ll oLhe-s lr, tllldlng Ulverslarl

CIn the equlrrn~ular llne, wncre the dlvertec q“an-

tltv I. rquaiiv dlvlded ●mong the bux-s. It .s

tlf.re ttlat d-tectlon of thr quantity IS fener.tllv

Icast Iik{ly, thur., ~he procedure wnr45 well

axain<t the “opt lTM1” diversion dtraerRv. it

Sh<luid hc notr,t that l~<k Of ● xact rrrpast. reme,, t

[, ftrn pr~venth ● dilrrtor from, attclning t,lls

strateKv, ●nt ● ltrrrjatlven “c luse” .,> toe *qul-

Jnu(llar line brc{uw. lmnort ant . Herr Lo[, th~ S(IM

hns u narrow advapta~r over the Lhl ai)ct ~PI ,

t houuh thl: in ntfsrt hy larger dhbadvan[avr%

when lon~ la cnrlflned tn nn~ box. }iobJrvct , rasr

of ●p~llcatlon Is .qn Irnpnrtmnc cona~deratkon 1 n

mellv practical ckrcumtitance~ nu that thr sllflht

,,v?ra]] lQSa of power may bt acccptablr.

?h~ star.dard X2 I<*t fare* poorly, con-

f lrm,.rrK iOnR - ‘.CICI contcnclr.na by Ntiemch” ●nd

.)thrrs that ttlr uaubi approach to unfe~trtcted

● lte:l ntivea doen not nave Eoocf properti?a tn the

on?-sjded Lmnt “wet of the W teat is nearly

\dcnt lc*l to tht Llil for o ntar crro, but the

proc~dura is leas effect iv~: by cotnpariaon ● a the

atrenmth of t he rorrcl at ion tncreaa9R. Shtr-

●hata’al’ claim that the CPT la mor~ powerful

than the LRT ●ppesra unoub~tant ~atcd. M{aulto

n ●ccordance wi:h previous cnccluaionahare erc

I



tk. at CPT has a slight edge over LRT near the

equiangular line; nonetheless, the reverse holds

near che axes--~ point not mentioned to diite

in shor., for the two-box problem,, tht, LRT

and CPT share the besK overall power properti.les,

whereas the SUM apprnach 1s quite competltlve and

very easy [0 implement in a pract

The MAX and Y? tests an be equa

in ~sol ated sltuatlons,
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TARLE 1

SUM STnrlSTJC
(Table enrles ● re pr,:,babllltlct. of dttectiorl (,1 - 0.0>1

t’nltn ● re mult

n.f 1.0——

- . -(, , ] ~. 0.1038 0,;882
. -rl,~ n,l~hg o,2$3d

-. -0.8”, (),2?6> f). )flL3

Total Clversicm

pies )f the (common) standari deviation of ea h tr,)x.

1.’) 2. n . ., 1,() 3.5 “.()
——— - - —. —— .—



TABLE 11

LIKELIHOOD RATIO TEST (LRT)

(Table entries are proha~ilities of detection (n = 0.05)

I)lYcrsiOn

Ratio

Rox I:flnx ?

o - -0.15 -~:3

3:?

3:1
3:0

Toca] Diversion

IInlt$ are ~ultlt,le< Of [hp (Comnn) standard devistlnn of each box.

rl,5——

Q<QO$7

0. o~5L
0.0973
[),1(,16

0.1174
0.1173
0,; 177

(J.122J

() ~:”jl
(l,:~~?

(). :: .)5

0.22”1

1.(3——

(3.1683
0,1687

o.17b~
(),?{)~j

(J.?’j~()
(3.?;73

rl,2L3~

0.?>97

0,’I>Q1

0.5605

(). ’,()?1

0. 5h9(l

115.—

[].?~C)()

(,.:750

0.293>
(}.355’,

0.4107
0.4125
O.b?>:
o.hbl~

0.8535
0.8538

h.fl~’11
,1.8633

2.(1 2.5

0.5L23
0.>52’+
0,592 I
().77314

0.7b79
0.7731
()./’+?5
(3.8440

().~~;l
().Q9J4

0.9Q17
().9987

3.0

o,682~

0.69”$fI

(). 73u6

().86(11

(J.88bb

0.R891

().9(15(,

().9421

0.998N
0.’+99V

().f4~4Q

0.Y9VV

TAf!lE III

(’(I~lI:ll(~VAl. Pk(Jflt,~lLITY TEST (CI’T)

f-Iahlr entri-< nrv pr[,habllllies nt d-trctlnn (n = 0.0$1

[) - -(1. ‘;*, ‘3:1

32

3:!

1:()

3.5

0.8022
0.813J

0.852 I

0.9412

0.9518
().9593

0. VOb8

0.9545

1
1
1
1

LJ. o

0.8852
0.89.+1
0.924>

0.9803

0.9s7)

o.987b

o.990b

().~’ib,

1

1

I

1

p,

r!.

(),

0.

f).

(;,211JH

o,21~Y

0,2194

(),ll()fl

1.(I
--.—.

O,lH’)2

o,lH5fl

(), ltl)5

0. 19’)2

0,240’)
(1,2417

0.24 ‘4
0,1’1)

0.5591
LJ.$60’J
(). \f)ll
(), $665

1,’1..— —

(),2Q131

0,7’)82
(1. I(lQh
(3,37 f,’)

(),(42(1(1
(), L)19
(1. U)MJ
O,h L39

0.8’) 2’+
0.8’)25
0.854’)
o.85?b

2,()

[1, /4G5(l

o.1445Q

(). b’):lo

0.4876

{).614h

o 61L1

0,6121

(16$01

().9780

().9?71

0.9790

0.97’+N

3,0—..-

0. ?30:

0.73JH
oa,jl~

o,flo20

().8~l+b

().898}

u.9’JtlH

0.Y2HI

L),9VYI!

O.VY’+V

0. V999
().ljoy()



TABLE IV

o- -0.15

n= -0.5

n - -0.8$

n. -0. ];

1-1--015

0 - -0.’s>

(T~b

Diversion
Ratio

Box I:Box 2

3:3
3:2
3:1
3:0

3:3
]:2

3:1

3:0

3:3
3:2

3:1

3:0

‘TUE ‘IAX TEST

● ●n~ries are probab l]tles of detection (a = 0.05)

‘Total Dlvereion

Unlcs are multiples Lf the (common) m[andard deviation of ●ach bo~,

0.5

0.0948

0.0951

d.o~73

0.1017

0.1054

0.1067

0.1(76

0.1130

0.1617

0.1628

0.1650

0.1688

1.0

O.I61O

o.lb24

0.1733

0.2028

0.2031

0.2030

0.2111

0.?391

o.&303

0.4309

0.LJ348

0.L555

1.>

0.2583
0.2664
0.2858
0.3577

0.3689
0.3529
0.3684
0.4336

n. 7566
0.7574
0.7613
0.7823

2.0

o.385El

0.3900
0.b251

0.5438

0.5294

U.5340

0.5568

0.61tIA

(J.9L32
13.9&43

0.9457

0.9535

2.5

0.5239
0.>299
0.5785
0.7267

0.7077
0.71]9
0.7374
0.8175

0.9928
0.’+928
0.9934

0.99>)

3.0

0.6655
0.6733
0.7269
C’. 86u9

0.8457
o.8h86
0.8709
0.9235

0.9995
0.9995
0, gqqb

0.9997

3.5

0.7F163
0.7957
0.8L38
o.9&”L

0.93JL
0.9360
0.9685
0.9766

1
1
1
I

L.U

0.8721

0,8b:l

0.91:13
0.9804

0.980J
0,9807
0.913~b
0.9W9

1
I

I
I

TAFJI.E V

THL Y2 TEST

(Tablr ●ntriem arc probahllifles of dccecrlon (n = 0.05)

CIiverntrrn

Ilati Tutal Div?rslon

Bon l:n 2 Units are mulciplrs O( the (rrmnnon) standard d~vlaclon of ●ach box.

):3
~;?

3’1
3:0

3:3
3:2

3:1
3:0

0.5.—

9.otc)7
0.0609

0.062S

0.0673

(1.13619

(3.M80

0.0706

0.0745

0.1133

0.1141

0.1167

9.1205

1.0

0.0952
0.0902

0.1047

0.1328

o.129h

0.1305

0.J70

0.1602

cm 3&8El
0.M96

0.3542
0.J1C2

1.5——

0.1591
0.1629
0.18’*8
0.2525

0 2LZ6
0.2430
0.2617
0.1184

0.6132!
0.b8&8

0.0899
0.72?(]

).0

0.?ii3b

o.2t122

0.3004

0.4210

O.klob
0.41b9

0.4410

0.52:6

0.9120
().9135

0,9181

0.9332

2.5

0.3800
0.3909
o.kllrJ(l
o.tlo91

0.5973
0.b075
0.6329
0.7113

(J.>g,j

O. ‘1881
0.9UU9
0.9923

3.0

0.521cI
0.5;19
o.593!~
0.7783

0.7653
o.7i19
0.8009
0.88J2

0.9990
0.9991
0.9992
0.9997

3.;
——

0.6617
().tl 65
().7 J9:’
fJ. @,y2]

O. 8LU40
o.8un2
0.9098

0. 95bh

1
1
I
1

L.(1

0.7860

0,7’+71

().852()

0.Y56b

0.95b’)

0.9!18’J
0.9b8i

0.9H9H

I

1

I
1
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CORRELATION=-O.IS SIRATIGY=SINCLC BOX OIVCRSION
—

o I 2 3 4 3 6

Dlvct?slo+

Fig. 2. Detection probabilities for single-bo~

divercion, Units of diversion are in

multiples of the currnmn s[andard devia-

. ion.

I

.
00

CORRELATION= -O.15 STRAIKY=l:l OIVCRSION

Fig. 3. Detection probabilities for 1:1 diver-

Bion. Unit6 of diversion ● re in mulci-

plee of the corm-non ~tandard dcvia!ion.

COWKLAllIWm-083 STRAT[GY=3. I OIVIRSION

0 -.. .—.
d a 3 4 5 0

Olv[nslm

FLU. L. Detection probabilicic~ for 3:1 dlver-

nlOn. Units of divernlon ● re kn multl-

P1OM of the comnon -tandard devLaclov.


